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ONE FORMULATION OF THE PROBLEM
OF ELASTOPLASTIC SEPARATION

V. V. Glagolev and A. A. Markin UDC 539.375

The problem of the beginning of motion of a cut in a plane under symmetric external loading is
considered. The material lying on the cut continuation forms a layer (interaction layer). A transition
to a plastic state within the layer is assumed to be possible. The behavior of the layer is described
by an ideally elastoplastic model, and the plane outside the layer is assumed to be linearly elastic.
A system of boundary integral equations for determining the stress—strain state is derived. Based on
this system, a discrete model of separation of the layer material is constructed under the assumption
of a constant stress—strain state in the element of the interaction layer. The distribution of stresses
in the pre-fracture zone is determined.

Key words: characteristic size, boundary integral equation, linear elasticity, ideally elastoplastic
model.

Two models of formation of material surfaces can be identified in fracture mechanics. The first model, which
has been more profoundly studied, is the model of motion of a mathematical cut in a continuous medium [1]. The
second model deals with the motion of a physical cut at a certain scale [2, 3]. In most solids, the emergence of
new material surfaces is accompanied by the formation of plastic zones in the pre-fracture zone. One of the models
with a zone of plastic strains was proposed by Dugdale [4]. In his model, the zone of plastic strains is associated
with a narrow band of zero thickness, which is located on the crack continuation. Constant stresses equal to the
yield stress of the material act on the band edges. In this case, the Tresca criterion predicts that one mechanism of
plastic flow is formally responsible for the plane strain state and the plane stress state, namely, in the coordinate
system shown in Fig. 1, the tensile stress equals the yield stress (017 = 275). Note that available experimental data
testify that the shapes of the plastic zone for the plane stress state and the plane strain state are substantially
different. The reason is the effect of the stress oo distributed along the cut axis [5]. According to [5], we have
011 > 033 > 092 for the plane strain state near the crack end and o117 > 092 > o033 = 0 for the plane stress state.
We also have 011 — 029 = 27, in the plane strain state and 017 = 275 in the plane stress state.

In the present paper, the formation of new material surfaces is considered as the motion of a physical cut in
a continuous medium. The material lying on the continuation of the physical cut forms the interaction layer. The
stress—strain state is assumed to be uniform over the layer thickness [6, 7]. Within the framework of the hypothesis
of continuity [6, 7], the interaction-layer thickness dy is assumed to have the minimum possible value. A possibility
of the transition of the layer material to the plastic state is implied.

Formulation of the Problem. Let us consider the conditions of the beginning of motion of a physical
cut (see Fig. 1). We assume that the material can transfer to a plastic state in some part of the interaction layer
(OSS'0O’ in Fig. 1) of length I,,. In addition to the stress o11(2z2) in the layer, we also take into account the stress
092(x2) along the cut axis. The relation between the stresses and strains outside the interaction layer is assumed
to be described by equations of the linear elasticity theory for the plane strain state (e33 = 0). The behavior of the
layer material is considered within the framework of an ideally elastoplastic model [8].
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Fig. 1. Scheme of fracture.
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Fig. 2. Distribution of loads on the cut.

The criterion of the transition from the elastic to the plastic state is assumed to be reaching a certain critical
value of the maximum shear stress:

max |O’ii — Ujj| = 274 (1)

(75 is the yield stress; 4,5 = 1,2,3).
By virtue of symmetry of the problem, we consider only the upper half-plane 1 > dp/2 (Fig. 2) and replace
the action of the layer on the half-plane by the load on this plane:

q(r) = —(611€1 + 621€2).
Here = = z9/d¢ is the dimensionless coordinate, 6;; = Boi; (i,j = 1,2) are the dimensionless stresses, 3 =
2(1 — v?)/(wE) is the material parameter for the Flamant problem [9] in the case of plane strains, F is Young’s

modulus, and v is Poisson’s ratio.
Flamant’s relations [9] relate the external loads 611 and &2 to the displacements of the half-plane boundary:

l
iy (z) = —Plnaljj_—s +/5'11(f)1n |?__§| dg; (2)
0
l
in(z) = 0/ @)y~ & de Q
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Here 4; = u;/do (i = 1,2) are the dimensionless displacements, P = PB/6o is the dimensionless force per unit
thickness, and [ is the distance from the origin to the point L of zero displacement.

The main postulate of the interaction-layer model [6] is the statement about the uniformity of the stress—
strain state over the layer thickness. Therefore, the equilibrium condition implies that

OG22 .
oz o2 4)
The displacements of the layer boundaries are determined from the conditions
R 1
in(w) = 5 en(); (5)

ts(x) = /822(95) dzx. (6)
1

The stresses (before the yield stress is reached) are related to the strains by Hooke’s law

€11 = Ad11 — Boag; (7)

€90 = Abao — B611, (8)

where A = 7/2 and B = vr/(2(1 — v)) are dimensionless constants.
Under the plane strain conditions, we have o117 > 033 > 092 in the pre-fracture zone [5]. Hence, the Tresca
yield criterion (1) for this loading scheme is determined by the expression

011 — 022 = 275, 9)

where 75 = (37 is the dimensionless yield stress.
We differentiate Eq. (3) with respect to :

!
dua 1
= = (6 dE. 10
e = /0’12(5)36_€ 3 (10)
Taking into account Eq. (5), we write Eq. (2) in the form
1
A xta . T —
611:—2P1nl+a—|—2/0’11(€)1n|l_§| d§ (11)
0

As the layer boundary separates the zones of elastic and plastic deformation, relations (10) and (11) determine
the total strains of the interaction layer at the stages of both elastic and elastoplastic deformation. We assume that
the strains are small and that the following expansion is valid in the case of elastoplastic deformation:

€y = €5; + b, i=1,2.

%)

Here ¢, and €%, are the elastic and plastic components of the total strain.

Criterion (9) holds at the moment of the transition from the elastic to the plastic state. With allowance for
Eqgs. (7) and (8), the expressions for the elastic components of the total strain in the layer acquire the form

€11 = Aoy, — Bog, €59 = Ad5y — BoY,,

where &7, and 05, are the stresses corresponding to the transition to the plastic state.

We assume that the elastic and plastic components of the transverse strain are equal to zero (53 = 0 and
ef, = 0) and that the material is plastically incompressible:

el +ehy, =0.
Taking into account Egs. (10) and (11) and also the condition 33 = 0, we determine the change in the

volume along the layer owing to the motion of the “walls” bounding its elastic space:
703



l
/6’12(5) xif d€ + 2/(311(5) In |?:§| d¢ — 2151n ?::Z = Ell(ﬁ) +822($) = 9(1‘) (12)

0 0
Note that Eq. (12) is valid in the cases of both elastic and elastoplastic deformation of the layer. The law of
the layer-volume variation can be presented as

o) = { ef1 tesy el +eny, 0< <y,
€11 + €22, x> 1.
By virtue of plastic incompressibility, we obtain
(e = { g6+ 65, 0<x <y,
€11+ €22, x> ).
Using Hooke’s law (7), (8), we present the law of volume variation in the form
0(z) = (A = B)(611 + G22). (13)

From the conditions of identical changes of the volume in Egs. (12) and (13) and also the condition of
equilibrium of the layer element (4), we obtain the following system of equations:

l l
/&12(5) xi€d§+2/611(§)ln |f:§| dg—zﬁlnf:s = 0(x),
0 0
. (14)
002 _ 950,

Ox
In the elastoplastic region on the segment 0 < z < [, system (14) is supplemented by the Tresca yield
condition (9). As a result, the system of integral and differential equations (14) and (9) becomes closed and
acquires the form

/ x4+a  7w(Fs + F22(x))(1 —2v)

!
e L el )
/UlQ(f)x—§d£+2/0M(€)lnl_g d§—2Plnl+a_ o 7
0 0

D692 (15)

ox

In the elastic region, where x > [, and 611 — 22 < 27, system (14) is supplemented by the condition of

equality of the strains e95 along the layer [these strains are calculated from Eq. (10) and directly from Hooke’s law
(8)]. As a result, the system of resolving equations has the following form:

= —2091, 011 — 022 = 27s.

! !
. 1 . |z —&| 5. r4a  w(G11(w) + Fa(z))(1 - 2v)
Joe© L vz fon@un " la—2pm T 20 ) ,
0 0
l . (16)
Ay — By = /5712(5) xig dg, 3;;2 = —2619.

0

The main unknowns of systems (15) and (16) are the stress-tensor components and the length of the plastic
region. The end face of the initial cut is assumed to be free from loading:

=0 (17)

022

Discrete Model of Deformation of the Interaction Layer. Following [10], we assume in solving the
problem that the fracture of a solid is a discrete process; therefore, the stress state in an interaction-layer element
of length Jy or of unit dimensionless length is assumed to be uniform.
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To construct the problem solution with the use of the discrete model, we divide the half-plane boundary OL

into N unit elements. Each boundary element k with the coordinates &_1, &g, where k = 1,..., N, is characterized

by constant (averaged over the element) values of the stresses 0§1), oég), and cryg) determined as

&k
k . Ek + k-1
z(g)( T(py) = / 745 (§) d€, Ty = 5
k-1

As a result, the integrals in the equations of systems (15) and (16) are presented in the form of the corresponding
sums. For discretization of the equilibrium equation (4), we integrate it with respect to the kth element. We obtain
ogg) Uég D= 202 ; for the first element, with allowance for Eq. (17), we have og) 2051) It should be noted
that this approach hab a certain similarity to the method of boundary elements [9] with constant approximation.
The main distinction of the present approach is the fact that division of the half-plane boundary OL into elements
of smaller size makes no sense. The value of  is bounded by the hypothesis of continuity.

Thus, on the basis of systems (15) and (16), we obtain a discrete model of elastoplastic deformation of the
interaction layer, where the first [ elements are in the plastic state, the (I + 1)th element transforms to the plastic
state, and the remaining elements experience elastic deformation. This model consists of three systems.

1) Equations that describe the plastic region:

1 (i) |z — €] r4+a w(Ts+ 022 )(1—2v)
Zam (z(i)) / v €d§+2;au(x@)/m o dg = 2Pl = 2 :
Si—1 (18)
O'g;) 051;—1) = —2051;), oyf) U(g) =27, k=1,...,1, O'ég) =0.
2) Equations that describe the transition of the (I 4 1)th element from the elastic to the plastic state:
o)~ ot =21,

N o o (k) (k)

;;%2@@)/‘m” &_E:U 8 l € Sl L 2(1 - v) ’
§i—1 §i—1
i ) (19)
k
Aogz) () — Ball 2‘712 (z()) / v — & dg,

Uég) ogg Ra—_ élf), k=1+1.

3) Equations that describe the elastic region:

N & N & (k) o0
@) 1 @ [ — ¢l z+a w0y (@) + 02 (Tw))(1 —2v)
;:1 o1z (% (i) / v — € dé+2 igl oy{ (@) / In I—¢ d—2P411n nta 21— 1) ,

i1 §i—1
& (20)
Aaég) (k) — Bcrl1 T(k)) 2012 / x(i)l— ¢ dg, Uég) — oég b —2051), k=1+2,...,N.
-1
Note that system (19) contains both the condition of equality of the longitudinal elastic strains
i

1
Aoy (209) — Boli™ (g 2:0 /de—fﬁ’
§i—1

and the condition of reaching the plastic state

U§l1+1) Uél;rl) = 27.
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Fig. 3. Stress distribution on the cut under the load corresponding to the beginning of the yield
process in the first element (n = 1000, v = 0.25, and a = 5): o011 (1), 022 (2), and o33 (3).

Fig. 4. Stress distribution on the cut under the load corresponding to the beginning of the yield
process in the second element (n = 1000, v = 0.25, and a = 5): o11 (1) and o922 at 275/E =
21073 (2).

In addition, redistribution of stresses in a developed plastic flow was taken into account: if it was found that
agg > crélg) for some element of the medium, then criterion (1) for this element was taken in the form a§? —crélg) = 27,.
The full system of discrete deformation consisting of subsystems (18)—(20) contains 3N + 1 equations. The
unknowns are 3N generalized stresses and the critical force P41 that ensures the existence of this stress state.
We intend to solve the resultant system of linear equations with respect to 3N generalized stresses and
the critical force P41 by an iterative approach because of significant physical nonlinearity of the problem. In
constructing the iterative process for the zone [ + 1 and the critical load P71, we use the known solution for the
zone [ and the load P;. In this case, as an iterative parameter, we use the value of the stress 95 in the first equation
of system (18) on the first element. In the zero approximation, the stress 0512) (Pr41) in the right side of the first

equation of system (18) equals the stress oéé) (P). Let us recall that Uéé)

(P,) is the stress on the first element
corresponding to the load P;. Solving system (18)—(20) under the condition aélz) (Py1) = aéé) (P,) for the first

equation of system (18), we find the distributions of the stresses (O)Ufj, k=1,...,N and the external load (O)Pprl

in the zero approximation. Based on the found value (0)0%)((0)}3[“), we construct the first approximation of the
solution of system (18)(20) under the condition Val} (P41) = @olY (WP, ) and determine the distributions of
the stresses (1)0@-, k=1,...,N and the external load )P ;. Subsequent approximations are constructed in the
same manner.

Note that the iterations were constructed in the above-described variant with the use of the condition
0';12) (Pi41) = 0§12) (Py) for one element only. For the remaining k& elements, the values of the stresses (i)aég) (Pi4+1)
(7 is the iteration number) were found by solving the corresponding system of linear equations. In other words, the
distribution of the stresses ogg) (Pi4+1) in the zero approximation was not assumed to coincide with the distribution
of these stresses corresponding to the length of the plasticity zone [. The calculation results show that six iterations
at each step are sufficient for the convergence of the iterative process at which the stress field at the jth step differs
from the stress field obtained at the (j — 1)th step by less than 0.1%. Satisfaction of the corresponding criterion
[1-3, 6, 9, 11] in the first element of the layer indicates the beginning of the formation of new material surfaces.
The calculations show that the stress state remains almost unchanged if there are more than 1000 elements, which
indirectly evidences the calculation convergence.

Figure 3 shows the distributions of the stresses normalized to the stress aﬁ) in the first element under the
critical load P; corresponding to the beginning of the yield process in the first element for n = 1000, v = 0.25, and
a=>d.
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Note that 99 = 033 = 0 for v = 0, and the inequality o225 < 033 holds for the remaining admissible values
of Poisson’s ratio, which confirms the validity of the choice of the yield criterion in the form (9).

Figure 4 shows the distributions of the stresses normalized to the yield stress over the elements at the moment
when the yield stress is reached in the second element (load P»). It is seen that the stresses in a plastically deformed
element, which is in the plane strain state, can be substantially higher than the yield stress (see [5]). This can be
attributed to making allowance for all stresses in modeling the pre-fracture zone of the elastoplastic material in a
plane state that involves hydrostatics with tensile stresses. If the stresses 095 and o33 are neglected by virtue of
their small values as compared with o171, then the stresses in the pre-fracture zone do not exceed the yield stress.
Such a situation is observed in the case of the plane stress state.

In determining the stress states corresponding to the transition of the third and second elements to the
plastic state, the critical loads are Ps = 3.7P; and P, = 1.6P;. Hence, an increase in the load necessary for the
plastic zone to move in the axial direction under the plane strain condition indicates the possibility of its extension
in the X5 direction (see Fig. 1).

If the stress 011 in the case of irreversible deformation is considered as the action of adhesion forces [12], then
these forces in the present formulation of the problem are determined by solving an appropriate boundary-value
problem rather than introduced a priori.

This work was supported by the Russian Foundation for Basic Research (Grant Nos. 06-01-00047 and
07-01-96402).
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